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Abstract

This paper proposes a novel empirical framework for capturing drivers in the wage

structure. It generalizes the one-to-one random utility matching framework to a one-

to-many setting, and enables the estimation of workers’ non-wage amenities and firms’

productivity using observed matching and wage distributions. Crucially, the one-to-

many framework allows identification of cross-complementarity terms between workers

in both non-wage amenities and productivity, in addition to the standard sorting be-

tween workers and firms. This makes it possible to identify how worker segregation

impacts wage gaps, along with worker and firm sorting. The paper applies the frame-

work to the Portuguese labor market, and shows that the compression of the wage

structure along the education dimension is not only driven by an education expansion,

but also by a reduction in complementarities in productivity between educated workers.
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1 Introduction

Over the past four decades wage structures have shifted in markedly different directions

across advanced economies. In the United States, pay gaps between college-educated and

less educated workers have widened (Goldin and Katz (2008)), while several European coun-

tries have seen those gaps stagnate (as shown by Krueger et al. (2010) for Germany and Italy)

or even compress (as shown by Verdugo (2014) for France). Gender differentials have also

evolved unevenly, closing rapidly in some countries, and remaining large in others (Krueger

et al. (2010)). These diverging patterns remind us that who earns what relative to whom

is the result of a complex interplay between supply of skills, firms’ productivity structure,

technological change, and worker preferences. While standard explanations focus on linear

technological change and relative worker supply to explain changes in the wage structure,

this paper proposes an approach that incorporates non-wage amenities and interdependence

between workers employed in the same firm. The comprehensive empirical framework de-

veloped here rests on a workers-to-firm matching model that produces rich sorting patterns

between workers and firms, as well as within the workforce, and accounts for both productiv-

ity and non-wage amenities. Standard explanations for wage differentials focus on the role

of educational attainment, which changes the relative supply of educated workers1; techno-

logical change, which describes the relative increase in educated workers’ productivity; and

worker-firm sorting, whereby workers are employed in firms with different productivity levels

based on their education or gender. In addition to these three channels, the framework devel-

oped here incorporates non-wage amenities, and interdependence patterns between workers

employed in the same firm. In line with the theory of compensating differentials, workers who

enjoy high non-wage amenities in a given firm are willing to accept lower wages to work in

that firm. Therefore, if educated workers get higher non-wage amenities than less-educated

workers, it puts a downward pressure on the education wage premium that is proportional

to the amenities gap. Interdependence between workers within the same workforce means

the level of non-wage amenities depends not only on the employer, but also on the other

employees. It also translates into complementarity or substitutability between workers in

productivity.

This paper builds a static one-to-many matching model with transferable utility, in which

a single firm matches with several workers, referred to together as its workforce. The model

can be summed up as a generalization of Choo and Siow (2006) one-to-one framework.

Workers differ along two observable dimensions - education level and gender - which are

1Educated refers to either secondary (high school) or tertiary education graduates. Less-educated refers
to individuals who did not complete high school.
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summed up in worker types. The workforce composition counts the number of workers of

each type employed. To capture differences between firms, I use Bonhomme et al. (2019)’s

method, which summarizes firm heterogeneity into one-dimensional classes. Applying the

method results in firm types that capture firm heterogeneity based on their wage distribution.

Firm types are then ranked by average wage from the lowest to the highest type. When a

firm matches with a workforce, they create a match surplus that depends on the firm’s type

and the workforce composition in terms of worker types. This surplus can be separated into

a productivity component, that accrues to the firm, and an amenity component that accrues

to each member of the workforce. The amenities capture workers’ non-wage preferences

towards each firm type. The utility is transferable in the form of wages that the firm pays

to the workers in its workforce. Firms seek to maximize total profit, which is additive in the

difference between productivity and total wage bill, plus a random shock. Workers maximize

their utility, which is additive in amenities, wages, and a random shock. At equilibrium,

wages clear the market, and each agent matches with their best option given wages. The

model can generate a rich distribution of wages that depends both on workers’ observable

characteristics and the firm’s type, as well as on the employed workforce. Two workers of the

same education level, age and gender employed by the same firm type can be paid different

wages if the firms they work in employ different workforces. The model also predicts the

equilibrium matching, that is, the joint distribution of firms and workforces. Prediction

of both wage and matching distributions makes it possible to identifying productivity and

amenities separately. Together they increase the chances of matching, but amenities lower

wages while productivity increase them. The model allows for a flexible parametrization of

productivity and non-wage amenities, that depends not only on individual firm and worker

types, but also on workforce composition. A worker’s contribution to productivity depends

positively or negatively on the other worker types hired by the firm. Workers’ non-wage

amenities also depend on the other workers in the workforce.

The first paper to explore one-to-many matching in the labor literature is Kelso and

Crawford (1982). It proposes an algorithm that yields a stable matching and corresponding

wages, under the condition that workers are gross substitutes. This condition restricts the

firm’s production function by imposing that workers substitute each other. In the matching

literature, a similar condition is traditionally imposed on buyers in many-to-one assign-

ment problems (Bikhchandani and Ostroy (2002), Vohra (2011)), but significant progress

has been made in relaxing this condition. Azevedo and Hatfield (2018) show that under

transferable utility, substitutable preferences are not necessary to guarantee the existence of

a stable matching in large markets. The present paper’s proof of existence of an equilibrium
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matching rests on a similar argument2. In the labor literature, recent work has studied

the matching of multi-dimensionally skilled workers to jobs. Examples include Lindenlaub

(2017) who study the implications of technological change on multidimensional matching,

and Lise and Postel-Vinay (2020) who incorporates multidimensional matching into a search

model3. The model built in the present paper abstracts from search by capturing frictions by

a random utility term. It also features multidimensional matching, and accounts for workers’

interaction within firms, which those papers cannot do by matching workers to jobs. Another

strand of the literature incorporates workers’ non-wage amenities in models of matching, as

does the present paper. Lindenlaub and Postel-Vinay (2021) studies the observable charac-

teristics that drive these non-wage amenities. They use worker’s mobility between firms to

identify them, in the same vein as Sorkin (2018) who estimates that amenities account for

more than half of the firms’ contribution to earnings variance. Lamadon et al. (2024) also

decompose wage dispersion between non-wage amenities and search frictions. The approach

to identification is slightly different in the present paper, as it uses observed matches instead

of moves. Finally, Choné and Kramarz (2021) uses a many-to-many matching model to

study the effects of skill ‘bundling’, that is, that a single worker displays different levels of

skills in different tasks.

One of the chief advantages of random utility models a la Choo and Siow (2006) is that

they can easily be brought to the data, and the present model is no exception. Under a

standard Extreme Value 1 assumption on the distribution of the firms’ and workers’ random

shocks, both non-wage amenities and productivity are non-parametrically identified using

observed matching and wage distribution. Intuitively, total surplus, which is the sum of the

workforce productivity at a given firm type and all workers’ non-wage amenities at that firm

type is identified by the strength of matching. A high total surplus yields many matches in the

data. Next, productivity and non-wage amenities have opposite effect on wage: the former

correlates positively with wage, but the latter correlates negatively. This enables us to tell

productivity and non-wage amenity apart. The firm productivity and worker non-amenities

can be flexibly parametrized, as functions of the firm type and workforce composition. The

parametrization is additive in own-productivity terms, that depend linearly and log-linearly

on the number of workers of a given education level and gender employed by the firm,

and cross-productivity terms, that capture interaction terms between different worker types

within the workforce. The model estimation requires observation of moments from the

matching and wage distribution and is performed in two steps. The first step estimates the

2Che et al. (2019) established a similar result in a framework with non-transferable utility. Their paper
contains an enlightening example that provides intuition on the role of large markets.

3See also Lise et al. (2016) for a classic model of search and matching with uni-dimensional skill.
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total match surplus (the sum of productivity and non-wage amenities) parameters by fitting

matching moments. In the context of the standard one-to-one matching model, Galichon

and Salanié (2024) show that these moments can be fitted through a Poisson regression, and

the present paper extends this result to the one-to-many case. The second step estimates

the non-wage amenities parameters by fitting wage moments with a generalized method of

moments (GMM) procedure.

Since the 1970s, many economies have undergone large education expansions. As a re-

sult, the ratio of educated workers (whether secondary or college-educated) to less educated

workers present in labor markets has increased. This occurred in the context of a race be-

tween education and technology (Goldin and Katz (2008)): the supply of educated workers

was growing, but demand for their skill was growing too. The consequences of this race on

the wage structure differ by country. In the United States, college-educated workers have

enjoyed a rising wage premium throughout the 1980s and 1990s, but this trend has now

plateaued. Contrary to the United States, some European countries, such as Portugal or

France, faced a wage compression along the education dimension. This paper focuses on

Portugal, which is a striking case of education expansion: between the early 1990s and late

2020s, the share of high school graduates quadrupled, and the share of university graduates4

went from less than 5% to one fifth of the working population. Over the same period as this

sizable education expansion, the university and high school wage premia -referred together to

as ‘education wage premia’- declined substantially. A classical explanation is that technology

‘lost’ the race to education (Goldin and Katz (2008)): the increase in relative supply could

have overtaken the increase in relative demand. I check for this hypothesis by simulating the

matching and wage distribution in the absence of the education expansion in Portugal, and

find that the education expansion is indeed a key driver of the fall in the education wage

premia. The model proposed in this paper also allows for a complex structure for firms’

productivity functions, which account for firm heterogeneity and changing interdependency

patterns between workers. Counterfactuals show that non-linear changes in productivity and

uneven skill-biased technological change are also driving the decline of the education wage

premium. Many emerging economies are still experiencing a rapid growth in the ranks of

young educated workers. Therefore, it is crucial to understand how these dynamics unfolded

in economies to help forecast future trend and inform the development of effective public

policies.

Beyond this crucial finding, the model’s estimation yields the following main results. First,

4University education refers to any tertiary degree, which may also include short vocational degrees
completed after high school. Individuals who graduate from a tertiary education institution are referred to
as university graduates throughout the paper.
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the higher the firm type, the more productive the workers, which confirms the literature’s

interpretation of firm types as firm heterogeneity in productivity. However, if high school

and university graduates are more productive less-educated workers in high-type firms, they

are actually less productive in low-type firms. This observation suggests the nature of tasks

differ in low-type and high-type firms, and human capital acquired through education does

not fit well low-type tasks, either because of technology complementarities or over-education.

Over time, educated workers’ productivity increased in low- and medium-type firms. There-

fore, the first result from the model is that skill-biased technological change did occur in

Portugal between the 1990s and 2010s, but unevenly across firms. Second, all workers’ non-

wage amenities are negative, implying a disutility from working. The higher the firm type,

the larger the disutility. This result is consistent with higher job demands in high-type firms.

A larger disutility implies an upward pressure on wages, hence the higher wages offered in

high-type firms do not stem only from higher productivity but also compensating differen-

tials. In the early 1990s less-educated workers’ disutility is larger than that of educated

workers’, but the opposite is true in the late 2010s. The rich model parametrization allows

marginal returns to an additional worker of a given type to vary by firm type and work-

force composition. Two worker types are said to be complements if the marginal returns in

productivity of one type are increasing in the other, and substitute if they are diminishing.

Model estimation shows approximately one-third of worker pairs are always substitutes, one

third are always complements, and the last third varies depending on workforce composition.

This distribution is approximately constant over time. A closer look at these interdepen-

dence patterns shows they are strongest among university graduates pairs in the early 1990s:

male university graduates strongly dislike working with other male university graduates, but

are more productive if they are well represented in the workforce. I then use counterfactu-

als to identify the forces driving the education wage premia’s decline. There are two main

results to highlight. First, both education wage premia, and especially the high school wage

premium, would have been much higher in a world where education share had not changed

between 1991 and 2017, showing that the education expansion is a key driver of the edu-

cation wage premia decline. Second, technological change in the productivity parameters

had a ambiguous effect on the education wage premia. On the one hand, skill-biased tech-

nological change in the linear productivity parameters drives both education wage premia

up. On the other hand, changes in cross-productivity parameters actually exert a downward

pressure on the university wage premium. Indeed, In the early 1990s, educated workers are

strong complements to each other and other education levels in high-type firms, i.e. the

marginal returns in firm productivity of educated workers are positive if they are already

well-represented in the workforce. This strong complementarity fades out over time, which
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brings university graduates’ wages down. To understand how complementarities between

workers relate to the gender wage gap, I run a last counterfactual in which I fix women’s

interdependence patterns in productivity to be the same as men’s over time. I find that this

counterfactual leads to much smaller gender gap in 1991, and an inverted gender wage gap

in 2017: women earn more than men. This shows the gender pay gap is driven by strong

complementarity patterns within educated men, and not solely compensating differentials in

non-wage amenities, as is often pointed out in the literature.

Another strand of the literature focuses on the role of firms versus workers fixed effects in

explaining wage dispersion, starting with Abowd et al. (1999). Recently, this literature has

focused on the role of worker-firm sorting and worker segregation to explain wage dispersion.

Card et al. (2018) use the same Portuguese matched employer-employee dataset used here

and showed that 40% of the observed difference in wage across firms is due to worker-

firm sorting. Song et al. (2019) decompose between-firm wage dispersion in the US into

sorting and segregation. Lamadon et al. (2022) also decompose wage dispersion using a

model with imperfect competition. Babet et al. (2022) also underscore the importance of

worker segregation in France. The present paper contributes to this literature by providing

a structural framework with which to think about worker and firm sorting, and worker

segregation within workforce. The paper takes a slightly different approach by estimating

discrete firm fixed effects (Bonhomme et al. (2019)), but instead of focusing on worker fixed

effects it studies how worker interact within the firm based on observable characteristics,

namely education and gender.

Finally, the present paper contributes to the literature on education wage premia, which

have been studied extensively in recent decades. Katz and Murphy (1992) and Card and

Lemieux (2001) show that the rising US college wage premium in the 1980s and 1990s is

driven by a combination of skill-biased technological change, combined with a slow-down in

educational attainment. Starting in the 2000s, the college wage premium is stagnating in

the US. Different explanations for this fact have been put forward, either related to declining

demand for skill (Beaudry et al. (2015)) or the growing supply of college graduates (Blair

and Deming (2020)). In Portugal, Centeno and Novo (2014) argued that wage inequality

has increased over the last thirty years, but do not evidence the decreasing education wage

premia. Cardoso (2004) studies the fit between workers’ education and their jobs between

1986 and 1999, and finds that it improved during that period. The present paper offers an

update on these observations, which have reversed since.

Section 2 describes the one-to-many matching model used to model the labor market.

Section 3 presents the model’s estimation strategy, Section 4 discusses the estimation results,
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Section 5 presents the model counterfactuals, and Section 6 concludes.

2 The Model

Employer employees match formation is modeled using a two-sided random utility frame-

work, in the same spirit as Choo and Siow (2006). The key generalization of this paper is

that the one-to-one matching model is extended to a one-to-many matching model, whereby

a single firm can employ multiple workers. This innovation allows me to capture rich inter-

dependence patterns between workers who are employed by the same firm, both in the firm’s

production function and in the workers’ non-wage utility. Key features of the framework

are heterogeneous workers and firms, transferable utility between firms and workers, surplus

separability into a systematic and a random part, and the absence of search frictions.

2.1 Set Up

There is a large number of workers and firms who match up. An individual worker is denoted

by i and an individual firm by j. Workers are characterized by their type, which can stem

from any trait observable to the analyst: education gender, experience, etc. A worker type

is denoted by x ∈ X , where X is finite, and its cardinal is X. The total mass of workers

of Type x present in the labor market is mx. Similarly, firms are characterized by their

type y ∈ Y , where Y is finite with cardinal Y . The mass of Type y firms is ny. A single

firm can employ (or match with) multiple workers. These workers form the firm’s workforce.

The workforce composition, or type k counts the (finite) number of workers of each Type x

employed in the workforce. That is, k is a vector of size X:

k = (k1, . . . , kX) (1)

and each kx is equal to the number of type x workers employed in the workforce. For all x,

kx is an integer between 0 (if no worker of type x is employed) and nx (if all type x workers

are employed). Every workforce k lives in K, the cartesian product of the sets {0, . . . , nx},
excluding the empty workforce:

k ∈ K = (Πx∈X{0, . . . , nx}) \{0, . . . , 0}5.

The set K is finite. In practice it is represented by a grid of workforces k.

5The matching could also occur on a subset of allowed workforces Kc ⊂ K, and all the arguments made
below would go through.
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Worker utility and firm output are additive in a systematic and a random part. Worker i

of type x obtains systematic utility uxyk when matched to a firm of type y within a workforce

k, where

uxyk = Axyk + wxyk. (2)

Axyk is a non-wage amenity: it accrues to the worker just from being employed in firm y and

workforce k. There is no sign restriction on Axyk, so that it could also represent a disutility

if negative. The term wxyk is the monetary transfer from the firm y to the worker x. It

depends on the type of workforce k employed by the firm. Workers also have the option

to remain unemployed, in which case their systematic utility is normalized to 0. The firm’s

systematic profit is

vyk = Γyk −
∑
x∈X

kxwxyk. (3)

Γyk is the type y firm’s total output when employing workforce k. The firm transfers wxyk

to each of its workers, which sum up to a
∑

x∈X kxwxyk total wage bill. The total systematic

surplus from a match between a firm and a workforce is the sum of the workers’ utility and

the firm’s profit:

Φyk =
∑
x∈X

kxuxyk + vyk =
∑
x∈X

kxAxyk + Γyk (4)

where transfers cancel out: utility is perfectly transferable between firm and workers in the

workforce.

In addition to their systematic utilities, workers and firms also experience a random

taste shock, which captures the unobservables that are not reflected by types x and y but

still contribute to the match formation. For instance, workers’ gender and education level

are usually observed by researchers, so they would enter the workers’ observable type x.

However, an individual worker’s taste for working in a specific industry, and/or a small or

large workforce are unobserved, so these are accounted for by the random shocks. Therefore,

worker i’s total utility is

uxiyk + εiyk (5)

or εi0 if they are unemployed, and firm j’s total profit is

vyjk + ηjk. (6)

Both the worker’s and the firm’s shocks are specific to the individual worker or firm drawing

them. The worker’s shock depends only on the employer’s type and workforce composition

(not on the identity of the firm or the co-workers), and the firm’s shock depends only on
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the workforce composition. The shocks are drawn before matching occurs and are common

knowledge. The random shocks satisfy the following assumption.

Assumption 1. Random shocks satisfy the following:

(i) For each pair of two workers i and i′, εiyk and εi′yk are mutually independent and

identically distributed.

(ii) For each pair of two firms j and j′, ηjk and ηj′k are mutually independent and identically

distributed.

(iii) For a worker i and a firm j, εiyk and ηjk are mutually independent.

(iv) εiyk is independent of αxiyk, ηjk is independent of γyk.

(v) (εiyk)y,k and (ηjk)k are distributed as extreme value 1 (Gumbel distribution)

The Gumbel assumption is in line with the literature that deals with heterogeneity in

matching models (Choo and Siow (2006), Galichon and Salanié (2024)), although as shown

in Galichon and Salanié (2022) in the one-to-one case, identification is possible with a general

class of distributions.

A matching market is characterized by exogenous distributions of worker and firm types

m = (mx)x∈X and n = (ny)y, amenities and production α = (αxyk)x∈X ,y∈Y,k∈K and γ =

(γyk)y∈Y,k∈K, and the distribution of stochastic shocks ε and η. The next subsection describes

the workers’ and firms’ maximization problem and the resulting competitive equilibrium.

2.2 Competitive Equilibrium

Type x workers supply a mass Sx
yk to Type y firms and workforce k, while Type y firms

demand a mass Dy
k of workforces k. Let Sx

0 be the supply of unemployed workers. Note that

Sx
yk and Dy

k are not in the same units: the former counts workers, while the latter counts

workforces. To count the mass of Type x workers demanded by firms, it is necessary to

multiply Dy
k by kx. Both supply and demand are determined by the workers and firms’ best

option on the matching market.

Definition 1. The supply Sx
yk of Type x workers willing to be employed in Type y firms and

workforces k is

Sx
ȳk̄ = mxP

[
(ȳ, k̄) = argmax

y∈Y,k∈K
{uxyk + εyk, ε0}

]
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The supply of Type x workers willing to remain unmatched is

Sx
0 = mxP

[
0 = argmax

y∈Y,k∈K
{uxyk + εyk, ε0}

]
The demand Dy

k from Type y firms for workforce k is

Dy

k̄
= nyP

[
k̄ = argmax

k∈K
{vyk + ηk}

]

Let S =
((

Sx
yk

)
x∈X ,y∈Y,k∈K , (Sx

0 )x∈X

)
and D = (Dy

k)y∈Y,k∈K.

Definition 1 defines supply and demand through workers’ utility and firms’ profit maxi-

mization problems. A worker is part of the supply Sx
yk if they are of Type x and their best

option is to be employed by a firm y within workforce k. Note that a worker chooses both

a firm type and a workforce. A firm is part of demand Dy
k if it is of Type y and its best

option is to employ workforce k. The supply of unemployed workers Sx
0 is the mass of Type

x workers whose best option is to remain unmatched.

Under Assumption 1, S and D write in closed-form as functions of u and v.

Proposition 1. Under Assumption 1, the equilibrium supply and demand satisfy

Sx
yk = nx

exp(uxyk)

1 +
∑

y∈Y,k∈K exp(uxyk)

Sx
0 = nx

1

1 +
∑

y∈Y,k∈K exp(uxyk)

Dy
k = my

exp(vyk)∑
k∈K exp(vyk)

Proof. The proof consists in spelling out the choices probabilities of each worker and firm

type. The specific functional forms stem from Assumption 1. The full proof is in Appendix

A.

Proposition 1 shows supply and demand take familiar logit forms under assumption 1,

similar to the probabilities described in Choo and Siow (2006). Both depend on the wages

underlying utilities u and profits v. Using supply and demand, we can now define formally

the competitive equilibrium.

Definition 2. A competitive equilibrium in this model is a set of underlying wages w =

(wxyk)x∈X ,y∈Y,k∈K, supply S and demand D such that excess demand is zero; that is

Dy
k − kxS

x
yk = 0 ∀x ∈ X , y ∈ Y, k ∈ K .
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In other words, Definition 2 states that at equilibrium, the mass of workforces k demanded

by firms y is equal to what each worker type x is ready to supply to y and k. Note that

excess demand has to be zero for all worker types x: each worker type x has to supply their

required number kx in workforce k to the demand from y. Meanwhile the demand from y

applies only to workforces k, which is a given mix of worker types x, and not toindividual

worker types x. At equilibrium, supply and demand are referred to as matching.

Definition 3. The matching distribution µ = (µyk)y∈Y,k∈K is equal to the equilibrium demand

D: µyk = Dyk for all y ∈ Y and k ∈ K. The unemployed distribution µ0 = (µx0)x∈X is equal

to the equilibrium supply Sx
0 .

Proposition 1 and Definition 2 do not offer a practical way of computing the competitive

equilibrium, which is needed to bring the model to the data. The next subsection describes

how equilibrium matching and wages can be computed from a social planner problem.

2.3 The Social Planner Problem

This section shows that the matching in the competitive equilibrium defined in Definition 2

is the solution to a social planner problem. The social planner problem is a strictly concave

maximization problem under constraints that are the margin equations of the matching

distribution. The equilibrium matching is therefore guaranteed to exist and is unique. Under

Assumption 1 the social planner problem provides closed-form expressions for equilibrium

matching and wage. We start with the definition of workers’ and firms’ expected indirect

payoffs that appear in these closed forms.

Definition 4. Type x worker’s and Type y firms expected indirect utilities/profit are

G(ux.) = E
[

max
y∈Y,k∈K

{uxyk + εyk, ε0}
]

H(vy.) = E
[
max
k∈K

{vyk + ηk}
]

Under Assumption 1, Gx and Hy write in closed-form as a function of ux. and vy..

Proposition 2. Under Assumption 1, expected utilities and profits from Definition 4 are

Gx(ux.) = log

(
1 +

∑
y∈Y,k∈K

exp (uxyk)

)
Hy(vy.) = log

∑
k∈K

exp (vyk)
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Proof. In Appendix A

Building on Definition 4 and Proposition 2, Theorem 1 below states a first welfare equiv-

alence: the competitive equilibrium matching is the solution to social planner problem. The

problem’s objective function is additive in two parts: the expected total surplus over the

matching distribution, and a penalty that reflects the frictions introduced by the random

part of workers’ utility and firms’ profit. That penalty is the expected value of the shocks

over the population, which we can compute in closed-form under Assumption 1. The mar-

gin equations are the constraints of the social planner problem, which ensure that the total

number of workers of each type x employed in the workforce is equal to the mass of workers

of that type nx, and that the total number of workforces k employed by each firm type y is

equal to the mass of firms of that type my.

Theorem 1. The equilibrium matching µ is the solution to the social planner problem

max
µ

∑
y∈Y,k∈K

µykΦyk − E (µ, n,m) (7)

such that the margin equations∑
y∈Y,k∈K

kxµyk = nx ∀x ∈ X ,
∑
k∈K

µyk = my ∀y ∈ Y , (8)

are satisfied. Under Assumption 1,

E (µ, n,m) = −
∑
x∈X

∑
y∈Y,k∈K

kxµyk log
kxµyk

nx

−
∑
x∈X

µx0 log
µx0

nx

−
∑

y∈Y,k∈K

µyk log
µyk

my

and the equilibrium matching exists and is unique.

Proof. The competitive equilibrium conditions derived in Proposition 1 are the first-order

conditions to the social planner problem (7). For a complete derivation of the social planner

problem, see Appendix A.

Proposition 3. Under Assumption 1, the equilibrium matching and wage distribution have

closed-form expressions.
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• The matching µ = (µyk)y,k writes

log µyk =
1

1 +
∑

x kx

(
Φyk −

∑
x

kx (Gx(ux.)− log nx)− (Vy(vy.)− logmy)

−
∑
x

kx log kx

)
and log µx0 = Gx(ux.)− log nx

(9)

• The wage w = (wxyk)x,y,k writes

wxyk = Gx(ux.)− log nx − Axyk + log kx + log µyk (10)

Proof. Start from the equilibrium equations in Proposition 1 and take logs on each side to

obtain
log µyk = log nx − log kx + uxyk −Gx(ux.) ∀x, y, k

log µx0 = log nx −Gx(ux.) ∀x

log µyk = logmy + vyk −Hy(vy.) ∀y, k

where uxyk = Axyk + wxyk and vyk = Γyk −
∑

x∈X kxwxyk. Multiply the first line by kx, sum

over all x and add the third line to obtain (9). Equation (10) obtains from the first line.

In practice, one defines worker type fixed effects Ux = Gx(ux.)− log nx for all x ∈ X and

firm type fixed effects Vy = Hy(vy.) − logmy for all y ∈ Y . The equilibrium matching µ is

obtained for the fixed effects U = (Ux)x, V = (Vy)y that solve the margin equations (8).

The closed-form expressions in Proposition 3 provide clear insights into the mechanisms

of the model. In Equation (9), the larger the total match surplus Φ, the more frequent the

occurrence of the match. This is relative to the sum of expected indirect payoffs of all agents

in the match
∑

x kxGx(ux.) + Vy(vy.). Gx(ux.) and Vy(vy.) are both equilibrium objects as

uxy and vxy depend on w. The match occurrence also depends positively on the masses of

workers and firms nx and my, which act as scaling factors. Finally, the size of the workforce

acts as a penalty on the match occurrence through
∑

x kx log kx. From equation (10), a

higher total match surplus also yields a higher wage, through the matching term logµyk. On

the other hand, high non-wage amenities Axyk compared to expected indirect payoffs Gx(ux.)

reduce the wage: a worker who is happy to work for a given firm type in a given workforce

accepts a lower wage all other things being equal. A worker’s wage also depends positively

on log kx, the logarithm of the number of workers of type x employed in the workforce, and
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negatively on the total mass of workers nx, reflecting that scarcity allows workers to obtain

higher wages.

Proposition 3 also offers clear insights on the identification of amenities and production

functions: observation of the matching distribution µ identifies total match surplus Φ, up to

worker and firm type fixed effects. Assuming amenities in unemployment are zero, observing

the unemployed µ0 identifies the worker type fixed effects U . However, only observation of

vacant firms, which are not modeled here6, could identify the firm type fixed effects V . As a

result, total match surplus is only identified up to a constant in firm type. Given that total

surplus is identified using matching and unemployed distribution, and fixed effects are set by

the margin equations, the wage distribution identifies the amenities Axyk (Eq. (10)). Output

Γyk is then simply the difference between total surplus Φyk and the sum of amenities Axyk.

Two remarks are in order. First, the identification discussed here is non-parametric, in the

sense that Φ, A and Γ have not been given functional forms. Second, the non-parametric

identification constrains the surplus parametrization, in that we know we cannot identify firm

fixed effects. On should also keep in mind the interpretation of the amenities and production

is always relative: for workers it is relative to the outside option of being unemployed, and

for firms to the other workforces they could employ.

3 Estimation

3.1 Data

The model is estimated on Portuguese matched employer-employee data Quadros de Pessoal

yearly from 1991 to 2017. The data were obtained from a yearly mandatory survey that

covers all firms, run by the Instituto Nacional de Estat́ıstica (INE). It covers all employees

in the private sector (except domestic workers). These data are supplemented it with publicly

available yearly unemployment rates7. The data provide information on workers’ gender and

education level, and allow for hourly earnings computation. Estimation is performed on

full-time and unemployed workers only, between 16 and 64 years old. Table 1 summarizes

the sample size. Over the 26 years of data, almost 8 million individual workers are observed,

for an average of about 1.8 million per year. They are employed in more than 4 hundred

thousand different firms over that time period, and about 1.3 hundred thousand firms are

observed each year. For more details on the data and cleaning, see Appendix C.

6Modeling vacant firms poses no theoretical issues, they are not part of this framework because the data
does not provide any information on them

7available from the World Bank data website
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Table 1: Data Summary

Total number Average number per year

Workers 7,967,982 1,770,053

Firms 539,037 132,227

3.2 Parametrization

Estimating the matching model requires parametrizing worker and firm types. Worker types

are set as a combination of their gender and their education level. Given the two genders

and three education levels, there are six worker types:

x ∈ {F-NoHS,F-HSG,F-UG,M-NoHS,M-HSG,M-UG}

The first letter, M or F, refers to the worker’s gender (male or female) and the acronyms

NoHS, HSG and UG refer to the worker’s education level (no high school for less-educated

workers, high school Graduates, and university graduate).

Firm types are established using the group classification method from Bonhomme et al.

(2019). This method is standard in the literature to capture firm heterogeneity in produc-

tivity. It allows firm heterogeneity to be summarized along a single dimension. The model

can accommodate several dimensions, such as industry, location or maturity, but using a

single dimension in estimation reduces the computational burden and eases interpretation.

The method’s core idea is to group firms into discrete heterogeneity bins based on their wage

distribution using the kmeans algorithm. To accomodate the present’s study time frame, the

method is ran on firms in 2017 and use the resulting centroids to allocate firms to firms in

previous years. Types are then ranked by average wage. The discrete heterogeneity groups

are then used as firm types y in the model’s estimation. The full procedure is described in

Appendix C and Section 4 discusses the resulting firm types in more detail.

Given worker and firm types, non-wage amenities are parametrized as follows:

Axyk = α1
xy +

∑
x′∈Xk

α2
xx′y log kx′

Amenities are additive in a worker-firm fixed effect α1, and a sum of cross log terms in the

number of workers of each type in the workforce
∑

x′∈Xk
α2
xx′y log kx′ . In the remainder of the

paper α1 (resp. alpha2) will be referred to as the first-order (resp. second order) contribution

to amenities. This parametrization offers a flexible way of capturing both the baseline non-
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wage utility worker x receives from working in firm y, and any additional utilities from

working with others, either of the same type (x = x′), or of different types x ̸= x′. These

also depend on the type of firm y. Both α1 and α2 can be above or below zero, so they may

capture utilities or disutilities. The use of the log captures the waning size effects wane as

the workforce becomes large:
∂Axyk

∂kx′
=

α2
xx′y

kx′

meaning the effect of an additional worker of Type x′ on the utility of worker x in firm y

fades out as the number of Type x′ increases.

Workforce-firm production is parametrized as:

Γyk =
∑
x∈Xk

γ1
xykx +

∑
x,x′∈Xk

γ2
xx′ykx log kx′ .

Production is additive in two terms: the first-order productivity coefficients γ1 capture each

type’s standalone marginal product, and the second-order coefficients γ2 which are cross-

semi-elasticities and capture pairwise complementarity between worker types. Every γ2
xx′y

and the symmetric γ2
x′xy can be above or below zero, so this parametrization is a flexible way

of measuring these interactions. On its own, kx affects production in firms y only through

γ1
xy and γ2

xxy, which together are referred to as ‘own’ effects, while γ2
xx′y for x′ ̸= x are cross

effects. Under this parametrization, marginal productivity of a type x worker in firm y is

given by:
∂Γyk

∂kx
= γ1

xy +
∑
x′∈Xk

γ2
xx′y log kx′ + γ2

x′xy

kx′

kx
.

Augmenting the workforce by an additional worker of type x increases (or decreases) pro-

duction non-linearly in kx and kx′ , and the change in production is highly dependent on the

other workers in the workforce. The parametrization also offers insights on the complemen-

tarity or substitution patterns between workers of different types through the cross-marginal

productivity:
∂2Γyk

∂kx∂kx′
=

γ2
xx′y

kx′
+

γ2
x′xy

kx

which shows the parametrization allows for complex patterns of complementarity
(

∂2Γyk

∂kx∂kx′
> 0
)

and substitutability between workers of different types
(

∂2Γyk

∂kx∂kx′
< 0
)
. As kx and kx′ grow,

the second derivative fades out, consistent with the idea that changes marginal productivity

are lower in big workforces. One can easily show that
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∂2Γyk

∂kx∂kx′
> 0 ⇔


kx
kx′

> −
γ2
xx′y

γ2
x′xy

if γ2
xx′y > 0

kx
kx′

< −
γ2
xx′y

γ2
x′xy

if γ2
xx′y < 0

If γ2
xx′y > 0, x and x′ are complements in workforces in which the ratio kx

kx′
is large; that

is, there are more workers of type x than x′. In fact, if the symmetric parameter is also

above zero - that is γ2
x′xy > 0 - then the ratio −

γ2
xx′y

γ2
x′xy

is smaller than 0, and since kx and kx′

are positive, the condition is always satisfied and x and x′ are always complements. On the

other hand, if γ2
xx′y < 0 and γ2

x′xy < 0, then −
γ2
xx′y

γ2
x′xy

is also always negative, and x and x′ are

always substitutes. Lastly, if γ2
xx′y and γ2

x′xy are of opposite signs, the pattern depends on the

relative number of x and x′ workers in the workforce. This is in contrast to a CES functional

form, which is commonly chosen to model production functions in the literature. The CES

imposes a constant elasticity of substitution between workers of different types, and would

also require nesting production by workers’ type dimension, which is not necessary here.

Under the functional forms chosen for Axyk and Γyk, total match surplus Φyk is

Φyk =
∑
x∈Xk

ϕ1
xykx +

∑
x,x′∈Xk

ϕ2
xx′ykx log kx′

where ϕ1
xy = α1

xy + γ1
xy and ϕ2

xx′y = α2
xx′y + γ2

xx′y. The surplus function Φ inherits the

same properties discussed above for the production function Γ. It relates to the one-to-one

matching literature, in which matching is said to be assortative on a characteristic if the

surplus function’s cross-derivative in the levels of that characteristic on both sides of the

market is positive; that is, if both sides are complement in the surplus (Becker (1973), Fox

(2010)). The same logic applies in the one-to-many parametrization proposed here, but the

inputs are the number of workers instead of the level of a characteristic. The one-to-many

surplus Φ features sorting between the firm and the worker, driven by the linear term ϕ1
xy,

which is the classic object studied in the one-to-one matching literature, as well as sorting

between workers, or worker segregation, through the log linear terms ϕ2
xx′y and ϕ2

x′xy.

Let ϕ =
((

ϕ1
xy

)
x,y

,
(
ϕ2
xx′y

)
x,x′,y

)
and α =

((
α1
xy

)
x,y

,
(
α2
xx′y

)
x,x′,y

)
represent the set of

total surplus and amenity parameters to estimate. The set of productivity parameters γ =((
γ1
xy

)
x,y

,
(
γ2
xx′y

)
x,x′,y

)
can be deduced from estimation of ϕ and α.

3.3 Generalized Method of Moments

The model is estimated in two steps, where the two sets of parameters ϕ and α are estimated

separately. In the first step, total surplus parameters ϕ are estimated by fitting matching
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moments; and in the second step, amenity parameters α are estimated by fitting wage

moments. Estimation requires observing the matching and wage distributions across worker

types, firm types and workforce compositions. The model is just-identified, as the number of

parameters to estimate is equal to the number of moments used in the estimation. Estimation

is run on every year observed in the data separately. Because of its high-dimensionality, the

space of workforce compositions K is reduced before estimation. The full procedure for

estimation is described in Appendix C. It obtains estimates ϕ̂ in the matching step and α̂ in

the wage step for each year. Productivity parameters γ̂ are then deduced from the difference

between ϕ̂ and α̂. Because the parameters are estimated form observed matching and wages,

and not directly inferred from direct observation of productivity and amenities, they should

be interpreted as perceived, or apparent productivity and amenities.

3.4 Model Fit

The model is estimated yearly on Quadros de Pessoal from 1991 to 2017, using the same

grid Kc in every year, obtaining estimates ϕ̂t and α̂t for t ∈ {1991, . . . , 2017}. The resulting

fit on matching and wage is satisfactory, the following figures show. Figure 1 plots the

observed and predicted unemployed workers’ shares by education level and gender. Both

the respective levels of unemployment by education level and gender and the unemployment

peaks in 2012 are matched by the model.

Figure 1: Model Fit - Unemployment

Source: Quadros de Pessoal. Author’s own calculations from model’s estimation. The dotted lines show the

observed unemployment shares µ̃x0∑
y,k∈K̃ kxµ̃yk+µ̃x0

where x is an education level on the left and a gender on

the right. The solid lines show the predicted unemployment shares µ̂x0∑
y,k∈Kc kxµ̂yk+µ̂x0

after model estimation.

Figure 2 plots the observed and predicted wage gaps by education and gender. The

observed university wage premium, i.e. the average wage gap between university graduates

and workers with no degrees is clearly declining over time, as captured by the model: it goes
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from 1.1 in 1991 (i.e. university graduates earned 110% more than less-educated workers on

average) to abouxt .8. The model also captures the slower decline in the high school wage

premium and the gender wage gap. It underestimates the university wage gap in 1994 and

1997 but does capture the trend over the long-term.

Figure 2: Model Fit - Wage Gaps

Source: Quadros de Pessoal. Author’s own calculations from model’s estimation. The dotted lines show the

observed wage gaps log(w̃x) − log(w̃x′) where w̃x is the average wage by either education levels or gender.

The solid lines show the predicted wage gaps log(ŵx)− log(ŵx′) where ŵx =
∑

y,k µ̂ykŵxyk∑
y,k µyk

Finally, Figure 3 plots the observed and predicted log count of firms by the number of

workers of each education level that they employ. This moment is not targeted in the estima-

tion, but the model captures the distribution of firms by workforce composition fairly well:

many firms employ few workers of each education level, which is matched by the predicted

distribution. The model also captures the long right tail of the distribution, although it does

overestimate the number of large workforces.

20



Figure 3: Model Fit - Workforce Composition

Source: Quadros de Pessoal. Author’s own calculations from model’s estimation. The dotted bars show the

observed log count of firms by number of workers of a given education level that are employed by the firm.

The predicted bars show the predicted log count. The x-axis is capped at 500 workers for readability. Both

the observed and predicted counts are very small after 500 workers.

4 Results

The goal of the model estimation is to reveal the supply and demand forces that shape

the sorting patterns and wage gaps in the Portuguese labor market. This section begins

by outlining the empirical facts that motivate the estimation. It then describes the firm

classification results and presents the estimated parameters.

4.1 Context

The Portuguese labor market has undergone significant changes over the past three decades.

On the demand side, the country entered the European Union in 1986, which fuelled its

economy’s transition from being dominated by manufacturing (45% of the labor force em-

ployed in 1991) to services (32% of the labor force employed in 2017). Table 2 shows how the

education expansion and the feminization of the labor market are reflected in the sample.

Together, university and high school graduates account for only 14.3% of the labor force in

1991. By 2017, this share had more than tripled to 50.1%. The secondary education sys-

tem was reformed once in 1986, and then again in 2009. In 1986, Portugal uniformized its
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primary and secondary school system to meet the European Economic Community require-

ments. New schools were also built throughout the 1990s in rural areas. The 2009 reform

made secondary education compulsory, by requiring students to stay in school until 18 years

old. Consequently, the largest increases in the share of high school graduates occurred in

the 1990s and again in the 2010s. The late 1990s and early 2000s saw an enrollment boom

in public universities and polytechnic institutes, which explains the increase in the share of

university graduates in that period. Both public universities and polytechnic institutes are

virtually free (tuition fees are only around a few hundred euros a year). The former train stu-

dents for academic degrees, while the latter offer vocational, technical and applied training.

Graduates from both types of institutions are bundled as ‘university’ graduates throughout

the rest of the paper. As a point of comparison, the percentage of high school graduates

in the US workforce increased from 75% to 90% over the same period8. The high school

wage premium stagnated around 35% in the 1990s, and declined to 22% in the 2010s. The

university wage premium declined gradually in the 1990s and early 2010s, and also dropped

in the late 2010s from 87% to 75%.

Women comprised approximately one-third of the sample in 1991, and 45% in 2017.

Their entry into the labor market was likely fueled by their growing education rates: they

accounted for about one-quarter of university graduates in the labor force in 1991, and more

than half in 2017. The gender pay gap increased in the 1990s to reach 27% in 1997, and

then declined to 16% in 2017.

Table 2: The Portuguese Labor Market over Time

1991 1997 2002 2007 2012 2017

% University Grad. 3.9 2.7 9.1 13.4 17.0 20.8

% High school Grad. 10.4 17.1 18.6 22.0 24.9 29.3

University WP 1.05 .99 .99 .89 .87 .75

High school WP .36 .34 .35 .31 .33 .22

% Women 30.6 38.1 40.4 41.4 45.6 45.5

% Women among Uni Grads. 25.2 36.2 46.4 51.8 55.3 56.6

Gender wage gap .23 .27 .25 .22 .21 .16

Source: Quadros de Pessoal. Author’s own calculations. Shares are computed from the active population

(employed and unemployed). High school graduates are exclusive of university graduates. WP (wage gaps)

are computed as the difference of average log wage by education level, with respect to the default less-

educated workers (who did not complete high school).
8Percentages computed over workers aged more than 25, Census data
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4.2 Firm Classification

The first step in the estimation strategy is to classify firms into types based on their wage

distribution, using the method described in section 3.2. The resulting classification is then

used in the model’s estimation as firm types. Figure 4 plots the distribution of firm types

over the years. Low type firms (Types 1,2,and 3) comprise approximately 75% of the firms

in the data, which shows there is a high share of relatively low-paying firms with similar

wage distribution throughout the 1990s until 2017. Note that this classification strategy

allows firms to change type over time, depending on changes in their wage distribution9.

These changes are consistent with the assumption that the wage distribution reflects the

firms strategic decisions (management quality, capital investments, etc.) which may evolve

over time. In the aggregate, the distribution of firm types is stable over time.

Figure 4: Firm types distribution over time

Source: Quadros de Pessoal. Author’s own calculations based on the clustering of within firm wage distri-

bution.

Table 3 presents some descriptive statistics by firm type. Average log wage is increasing

in firm type by construction. The average number of employees per firm is not monotonous

in firm type, although high-type firms tend to employ more workers than low-type firms.

The share of high school graduates (HSG) is bell-shaped in firm types: the types that employ

the most HSGs are types 3 to 6. Overall, every firm type employ at least a quarter of HSGs

on average. The share of university graduates (UG) varies much more across firm types and

increases monotonically with firm type. High types firms’ workforces are composed of more

than 50% of UGs on average. The share of women declines with firm type, from 46% in

9On average 29.1% of firms change type every year
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Type 1 firms to 39% in Type 7 firms. The share of firms in manufacturing also tends to

decrease with firm type, while the share of firms in services increases. One exception to this

rule is Type 4 that has a higher share of manufacturing firms and a lower share of service

firms than Type 3 and 5.

Table 3 shows the kmeans group classification method captures substantial differences in

productivity between firms, but offers no explanation on the mechanisms that drive these

differences. By allowing for different worker-firm sorting and worker interdependence pat-

terns by firm type, the model estimation presented next sheds light on the drivers of these

differences.

Table 3: Firm Types in 2017 - Descriptive Statistics

Firm type 1 2 3 4 5 6 7

Average log wage 1.34 1.5 1.69 1.7 1.94 2.28 2.82

Average nb. of employees 6.7 13.8 9.3 37.4 23.4 33.1 58.1

Sh. HSG 0.24 0.29 0.31 0.3 0.31 0.3 0.26

Sh. UG 0.06 0.13 0.22 0.21 0.36 0.51 0.65

Sh. Women 0.46 0.43 0.4 0.46 0.43 0.43 0.39

Share Manufacturing 0.19 0.17 0.13 0.22 0.14 0.08 0.05

Share Services 0.18 0.27 0.34 0.3 0.34 0.4 0.45

Source: Quadros de Pessoal. Author’s own calculations. log wage is is log euros/hours. All shares and

averages are first computed at the firm level, then averaged out across firm types. HSG: high school graduates,

UG: university graduates. Sectors that are neither manufacturing nor services are: agriculture, fishing,

hunting, extractive industries, and construction - trade and hospitality - transport and commmunications.

4.3 Estimated Parameters

Given estimated firm types, the sets of productivity parameters γ =
((

γ1
xy

)
x,y

,
(
γ2
xx′y

)
x,x′,y

)
and amenity parameters α =

((
α1
xy

)
x,y

,
(
α2
xx′y

)
x,x′,y

)
are estimated every year using the

method described in section 3. As noted in the discussion of Proposition 3, the interpretation

of amenities and production parameters for a give worker type, firm type and workforce is

relative to the other worker-firm-workforces combinations, or to the worker’s outside option.

The estimated parameters presented here are therefore understood in comparison to each

other, and carry no absolute meaning. This sub-section focuses on the parameters most

relevant to the change in the education wage premium, while Appendix D presents the full

set of estimated parameters.

Figure 5 shows the average first- and second-order own- contribution to production by

education level and firm type, in 1991 and 2017. The averages are weighted by the mass of
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workers of each type in the labor market. Both productivity and amenity are in euros per

hour. The second order contribution are own contribution, i.e. they refer to the parameters

γ2
xxy. Cross-contributions are presented in the appendix D. Average γ1 vary widely by ed-

ucation levels and clusters, both in 1991 and 2017. In both 1991 and 2017, the higher the

firm type the higher the productivity contribution, across all education levels, which confirms

high-type firms are more productive. In 1991, university graduates (UG) contribution is very

low in low-type firms compared to high-type firms. Less-educated workers’ (NoHS) linear

productivity is higher than other education levels in all firm types. High school graduates

(HSG) is slightly higher than university graduates’ in all firm types. These observations

suggest the Portuguese economy in 1991 relied very little on skilled labor. In 2017, average

linear contributions to productivity are less dispersed than in 1991. University graduates

have overtaken high school graduates and less-educated workers in medium and high firm

types. In low-type firms, the gap between average linear productivities across education lev-

els has shrunk. We can see that skill-biased technological change happens between 1991 and

2017 in Portugal, but it is uneven across firm types: the lowest firm types experience stronger

increases in productivity for university and high school graduates than the highest firm types.

High school graduates even suffer from a decrease in productivity compared to university

graduates in high-type firms. Average own γ2 are also more dispersed in 1991 than they

are in 2017, especially for university graduates. In 1991, their second-order contribution to

productivity is much lower than other education levels in low type-firms and much higher in

high type-firms. There are therefore large returns to productivity from hiring large numbers

of university graduates in high-type firms, which compensates the low linear contributions

observed for this type of workers. The differences between low and high-type firms and ed-

ucation levels are much more narrow in 2017. In 2017, less-educated workers’ second-order

contributions to productivity are of opposite sign to university graduates’: there are positive

in low-type firms and negative in high-type firms, causing the polarized sorting into firms by

education level (less-educated workers employed in low-type firms, university graduates in

high type firms). The narrowing of the gap between low and high-type firms for university

graduates between 1991 and 2017 can also be interpreted as a form of uneven technological

change: the strength of complementarity of the most educated workers increases in low-type

firms, but it reduces in high-type firms.
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Figure 5: Own Contributions to Productivity - Education

Source: Quadros de Pessoal. Author’s own calculations from estimated parameters. Weighted averages by

education are computed over both gender, e.g. for a given firm cluster y and education level NoHS: γ1
NoHS,y =

mF-NoHSγ
1
F-NoHS,y+mM-NoHSγ

1
M-NoHS,y

mF-NoHS+mM-NoHS
and γ2

NoHS,textNoHS,y =
mF-NoHSγ

1
F-NoHS,textNoHS,y+mM-NoHSγ

1
M-NoHS,M-NoHS,y

mF-NoHS+mM-NoHS
.

Euros per hours. Confidence intervals are provided at the 95% level.

Appendix D presents average own contributions to amenities by education level (Figure

6), to productivity and amenities by gender (Figures 7, 8), and average cross-contributions

by education level and gender (Figures 10, 9). These figures offer three main takeaways.

First, cross-complementarities in production between university graduates decrease for men

and increase for women between 1991 and 2017. The effect on university graduates’ average

wage is therefore ambiguous. Second, on the amenities side, first-order parameters tend

to equalize over time across education levels, which all other things equal also equalizes
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wages. Third, both productivity and amenities parameters by gender tend to converge

over time, which works to reduce the gender pay gap. The conclusions from estimation

regarding the education wage premia are ambiguous: university graduates benefit from an

increase in productivity compared to less-educated workers, but mostly in low-type firms,

while high school graduates suffer from a relative decrease in productivity in high-type firms.

Because low-type firms remain less productive than high-type firms, the uneven skill-biased

technological change modifies sorting patterns of educated workers, but does not necessarily

increase the education wage premium.

The estimated values for pairwise complementarity parameters γ2 and α2 are presented

in Figures 9 and 10 in Appendix D, along with a detailed analysis. This section focuses

on the complementarity and substitutability patterns in production between worker types:

if
∂2Γyk

∂kx′∂kx
> 0 for all k, workers x and x′ are said to be complements for firm type y. If

∂2Γyk

∂kx′∂kx
< 0 for all k, they are substitutes. In many cases, whether the second derivative is

above or below zero depends on the workforce k, as described in subsection 3.2. Table 4

provides a general overview of the substitutability and complementarity patterns between

worker types in 1991 and 2017. 40% of worker pairs are neither substitutes nor complements

in 1991 (35% in 2017), which means that whether they are substitutes or complements

depends on the workforce. 31% of worker pairs are always substitutes in 1991 (36% in 2017),

and 29% are always complements in 1991 (29% in 2017), regardless of the relative number of

Type x and x′ workers in the workforce. The nature of the interdependence between workers

when a pair is indeterminate depends on the ratio −γ2
xx′y/γ

2
x′xy and the sign of γ2

xx′y. The

last two columns in Table 4 show average ratios in each case. If γ2
xx′y > 0, a ratio above 1

means x and x′ are substitutes if kx < kx′ , and complements otherwise. If γ2
xx′y < 0, a ratio

above 1 means x and x′ are complements if kx < kx′ , and substitutes otherwise. The average

ratios change between 1991 and 2017. In 1991 they are large, at 10.8 and 7.8, meaning

there should be a large gap in numbers between Type x and Type x′ workers for the pattern

to switch. In 2017 they were not far from one, which suggests the interdependence may

switch between complementary or substitute worker pairs for similar workforces, if one or two

additional workers were added or removed to the workforce. These results show that choosing

a functional form that restricts worker pairs to be always substitutes or complements, such

as the constant elasticity of substitution is restrictive in this setting.
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Table 4: Substitutability and Complementarity Patterns, 1991 vs. 2017

% Worker Pairs Mean −γ2
xx′y/γ

2
x′xy

Substitute Complement Indeterminate (indeterminate pairs only)

γ2
xx′y > 0 γ2

xx′y < 0

1991 31 29 40 10.8 7.8

2017 36 29 35 2.1 1.3

Source: Quadros de Pessoal. Author’s calculations from estimated parameters. Each year covers 7×21 = 147

ordered worker-type pairs. The mean ratio in the last two columns is calculated only for those pairs whose

interaction is classified as indeterminate.

5 Counterfactuals

The main question in this paper concerns how supply and demand have evolved over time.

The first three counterfactuals aim to isolate the impact of these changes on the education

wage premia. The results show that the Portuguese education expansion exerts downward

pressure on the both the high school and university wage premia, as is expected from an in-

crease in relative supply of educated workers. On the demand side, two types of productivity

change are studied: the change in own productivity (from a single’s worker type), and the

change in cross-productivity (from interdependence between worker types). The changes in

own and cross-productivity over time have opposing effects on the education wage premium:

changes in the linear own-productivity favor educated workers, while changes in linear-log

own- and cross-productivity push the university wage premium downward but the high school

wage premium upward. The last counterfactual presented in this section examines the im-

pact of differential cross-productivity and cross-preferences across genders on the gender

pay gap. It finds the high complementarities in production between men are an important

driver of the gender pay gap. Finally, the counterfactual in the appendix D investigates how

workers’ different preferences across firm types shift education wage premia.

5.1 Supply and Demand changes

5.1.1 Education shares fixed to 1991

The first counterfactual simulates a world in which the education expansion has not hap-

pened, while all other economic and demographic changes occurred as observed or estimated.

To do so, it fixes the shares of individuals with no degree, high school and university grad-

uates to their 1991 values. These shares are computed within gender. All other parameters

(productivity, amenities) vary as estimated and primitives (total mass of active individuals,
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gender shares, firm masses) vary as observed. Table 5 shows sorting of university and high

school graduates in high and medium type firms (Types 6-7 and 4-5, respectively). Between

1991 and 2017, the predicted shares of university graduates employed in high-type firms

decreases by 11.6. (percentage points), while sorting into medium type firms increases by

about 6.5. In the counterfactuals, sorting into medium type firms increases by approximately

a similar amount, but sorting into high type firms drops by 35.6. Similar trends are observed

for high school graduates. In the counterfactual world, where the education expansion does

not happen, sorting of educated workers into low-type firm grows at the expense of sorting

into high-type firms. This is caused by the increase in productivity of low type firms, which

pulls the limited numbers of educated workers from high-type firms.

Table 5: Fixed educ. shares - sorting

% UG in % HSG in

high types med. types high types med. types

1991 2017 1991 2017 1991 2017 1991 2017

Predicted 48.2 36.6 35.8 42.3 37.6 17.1 38.4 38.7

Count. educ. sh. 48.2 12.6 35.8 43.8 37.6 5.3 38.4 32.6

Source: Quadros de Pessoal. Author’s calculations from model estimates. High types: Types 6-7, med types:

types 4-5. UG: university graduates. HSG: high school graduates. Shares are computed among all employed

workers of a given education level.

Table 6 shows the predicted and counterfactual wage gaps. Its main takeaway is that,

absent the education expansion the education wage gaps would have increased, instead of

decreasing as in the baseline. The university wage gap would have risen by 21., and the high

school wage gap by 40. between 1991 and 2017. Although educated workers sort into low-

type firms in this counterfactual, their increased productivity combined with their scarcity

allows them to increase their wage in these firms.

Table 6: Fixed educ. shares - wage gaps

UG-NoHS wage gap HSG-NoHS wage gap

1991 2017 ∆ 1991 2017 ∆

Predicted 1.1 .79 -.33 .28 .26 -.02

Count. educ sh. 1.1 1.3 .21 .28 .67 .40

Source: Quadros de Pessoal. Author’s calculations from model estimates. UG: university graduates. HSG:

high school graduates. NoHS: less educated workers. Wage gaps are computed as the difference of the log of

the average wage of a given education level and the log of the average wage of less-educated workers (without

a high school degree, NoHS). The average wage is computed over all employed workers of a given education

level.
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5.1.2 Productivity parameters fixed to 1991

This section runs three counterfactuals. In the first counterfactual, first-degree parameters

γ1 are fixed to their 1991 values throughout the time period. All other model primitives

(worker and firm masses) and parameters (amenities α1 and α2, pairwise complementarity in

productivity γ2) are allowed to vary as observed or estimated. In the second counterfactual,

own-productivity parameters are fixed to their 1991 estimated values. These include all of

first-order productivity parameters γ1, and second-order parameters γ2
xxy for all x and y.

In the third counterfactual, the interdependence parameters γ2
xx′y for all x, x′,y such that

x′ ̸= x are fixed to their 1991 estimated values, while all other primitives and parameters

vary. Tables 7 presents the predicted and counterfactual shares of university (UG) and high

school graduates (HSG) employed in high-type firms (types 6 and 7). Since the parameters

are fixed to their 1991 value, the predicted and counterfactual sorting in 1991 is the same.

In 2017, the majority of university and high school graduates sort in high-type firms in

the counterfactuals. As shown in subsection 4.3, educated workers are very productive

in high-type firms and very unproductive in low-type firms in 1991. Between 1991 and

2017, their productivity increases mostly in low-type firms. This increase does not occur

in the counterfactual, which polarizes the sorting of educated workers in high-type firms.

The polarization is more pronounced for university than for high school graduates. All

three counterfactuals display the same polarization so both the own-productivity and cross-

productivity parameters contribute.

Table 7: Fixed own- and cross-productivity - sorting

% UG in high firm types % HSG in high firm types

1991 2017 1991 2017

Predicted 48.2 36.6 37.6 17.1

Count. first-deg. prod 48.2 94.5 37.6 80.4

Count. own prod. 48.2 97.7 37.6 96.9

Count. cross prod. 48.2 80.0 37.6 77.6

Source: Quadros de Pessoal. Author’s calculations from model parameters. High types: Types 6-7. UG:

university graduates. HSG: high school graduates. Shares are computed among all employed workers of a

given education level.

Table 8 presents the predicted and counterfactual education wage gaps, comparing wages

of university and high school graduates to less educated workers. Both education wage

gaps are larger in the first counterfactual compared to the predicted baseline in 2017, to

-.11 for university graduates and -.41 for high school graduates. This is due to the relative
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increase in first-order productivity terms for educated workers: had it not happened as in

the counterfactual, they would have been worse off. Absent the increase in productivity of

educated workers in low-type firms, they sort more into high-type firms, but the polarized

sorting is not enough to offset the lack of productivity gain. Therefore, these gains in

educated workers’ productivity, also referred to as skill-biased technological change in the

literature, are a key driver of the education wage premium in Portugal between 1991 and

2017. In the second and third counterfactuals, the university wage gap moves in the opposite

direction: it increases to 1.67 and 1.07, respectively. This means that the actual change in

the second degree parameters γ2, and especially own-productivity parameters γ2
xxy brings

the university wage premium down, by reducing complementarities for university educated

workers in high type firms. Indeed, the estimates presented in Figure 5 and Appendix D

show the second-degree parameters γ2 shift from being overall very positive in 1991 to a much

smaller range in 2017 for university educated workers. Technological change therefore has

two counteracting effects on the university wage premium. The high school wage premium

offers the opposite picture: it is lower in all counterfactuals than in the predicted baseline.

Technological change is therefore unambiguous for high school graduates: both own and

cross-production parameters evolve in their favor.

Table 8: Fixed own- and cross-productivity - wage gaps

UG-NoHS wage gap HSG-NoHS wage gap

1991 2017 ∆ 1991 2017 ∆

Predicted 1.12 .79 -.33 .28 .26 -.02

Count. first-deg. prod 1.12 -.11 -1.23 .28 -.41 .68

Count. own prod. 1.12 1.67 .55 .28 .09 -.19

Count. cross prod. 1.12 1.07 -.04 .28 -.49 -.77

Source: Quadros de Pessoal. Author’s calculations from model estimates. UG: university graduates. HSG:

high school graduates. Wage gaps are computed as the difference of the log of the average wage of a given

education level and the log of the average wage of less-educated workers (without a high school degree,

NoHS). The average wage is computed over all employed workers of a given education level.

5.2 The Gender Pay Gap

The fourth counterfactual focuses on the second-degree productivity parameters γ2, on the

gender dimension. The goal is to assess whether interdependence in production between and

within genders affect the gender pay gap. The estimates for γ2 presented in Appendix D

(Figures 10, 9) show there are large differences between women and men university gradu-

ates. In high type firms, the interdependence between men in production is strongly positive,
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and it is strongly negative between women. The opposite is true with regard to amenities:

male university graduates strongly dislike working with one another. Together these two

findings strengthen the gender pay gap by sorting male university graduates in highly pro-

ductive firms, while compensating them for their dislike of each other in these firms. In the

counterfactual, all second-degree parameters γ2
xx′y where either x or x′ refers to a female

worker, are set to their counterpart where x or x′ refers to a male worker. In other words,

interdependence in production depends only on education levels and firm types but is equal

across genders. The parameters are allowed to change over time as estimated. The effect on

sorting for both gender is strong, as shown in Table (9). In the counterfactual, all women

and all men sort in high-type firms in 1991, due to men’s positive interdependence being

also applied to women. These effects wear off slightly in 2017, as complementarity effects

are smaller in high type firms. Men in 2017 tend to sort much less in medium-type firms

than in the predicted baseline, reflecting their lower preference for amenities in these firms.

Table 9: Equalized cross-productivity across genders - sorting

% Women in % Men in

high types med. types high types med. types

1991 2017 1991 2017 1991 2017 1991 2017

Predicted 15.4 13.5 32.2 36.2 19.7 17.1 39.5 35.9

Count. equal cross prod 100 88.6 2.4 32.8 100 88.3 33.2 2.0

Source: Quadros de Pessoal. Author’s calculations from model estimates. High types: Types 6-7, med types:

types 4-5. Shares are computed among all employed workers of a given gender.

Table 10 shows drastic differences in the gender pay gap between the predicted baseline

and the counterfactual. In the baseline, the gender pay gap decreased from .26 to .16

between 1991 and 2017. In the counterfactual, the intensive sorting of women into high-type

firms results in a much smaller gender wage gap in 1991, at only .06. This finding strongly

suggests, much of men’s higher average pay stems from their strong complementarity in

production, rather than first-degree contributions or their dislike for each other evidenced

in the amenities. In 2017, the gender pay gap is inverted: women earn about 25% more

than men. This is due to the relative productivity of women in high and medium type

firms increasing between 1991 and 2017, while in the counterfactual the interdependency is

kept the same as men’s. These striking results show pairwise complementarity in perceived

productivity, rather than own contribution to firm production, plays a key role in the gender

pay differences in Portugal.
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Table 10: Equalized cross-productivity across genders - wage gaps

Gender wage gap

1991 2017 ∆

Predicted .26 .16 -.10

Count. equal cross prod .06 -.25 -.48

Source: Quadros de Pessoal. Author’s calculations from model estimates. Wage gaps are computed as the

difference of the log of mens’ average wage and the log of women’s average wage. The average wage is

computed over all employed workers of a gender.

6 Conclusion

The paper proposes a novel model of one-to-many matching, and uses it to study the com-

pression of the wage structure in the Portuguese labor market along the education and gender

dimensions. The model generalizes the one-to-one random utility matching framework to a

one-to-many setting, and enables the estimation of workers non-wage amenities and firms’

productivity using observed matching and wage distributions. Crucially, the one-to-many

framework allows identification of cross-complementarity terms between workers in both

non-wage amenities and productivity, in addition to the standard complementarity between

workers and firms. This makes it possible to identify how worker segregation impacts wage

gaps, along with worker and firm sorting.

The wage structure in Portugal has compressed over the last 35 years along the education

and gender dimensions. The model estimation and counterfactuals show that the compres-

sion is driven by a combination of factors. First, the Portuguese education expansion has

had the largest negative impact on the university wage premium; the premium would have

been 54p.p. higher in 2017 in the absence of the expansion. The expansion has also nega-

tively impacted the high school wage premium (by 42p.p.), but the largest negative driver

of this wage premium is actually workers’ differential non-wage preferences across firms (by

70p.p.). Educated workers’ productivity increased over the period, placing upward pressure

on the education wage premia, but it has done so non-uniformly across firms: low type firms

experience more technological change than high type firms. Finally, complementarities in

productivity matter enormously for the gender pay gap: if women benefitted from the same

positive cross-complementarities as men in high type firms, the gender pay gap would be

greatly reduced. Changes in cross-complementarities in productivity between education lev-

els also matter for the education wage premia, but differently to university and high school:

they drive the former down and the latter up.

This paper offers a novel perspective on the reasons behind changes in the wage structure,
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by focusing on the role of non-wage amenities and workers cross-complementaries, along with

the more standard productivity and firm-worker sorting channels. It also contributes to the

growing literature on the compression of the wage structure along the education dimension,

which has been shown to occur in countries other that Portugal, such as the United States.

Future avenues for research include leveraging the model’s matching and wage predictions

by workforce composition for estimation and accounting for workers’ heterogeneity within

education levels and gender.

A Model Appendix

Proof. Proposition 1

Supply and demand are defined as the probabilities that a given option is preferred to all

others. The proof consists in deriving a closed form solution for these probabilities under

Assumption 1.

P
[
(ȳ, k̄) = argmax

y∈Y,k∈K
{uxyk + εyk, ε0}

]
= P

[
uxȳk̄ + εȳk̄ ≥ uxyk + εyk ∀y, k , uxȳk̄ + εȳk̄ ≥ ε0

]
= P

[
εyk ≤ uxȳk̄ − uxyk + εȳk̄ ∀y, k , ε0 ≤ uxȳk̄ + εȳk̄

]
=

∫ ∞

−∞
exp

(
− exp(−uxȳk̄ − ε)

) ∏
y,k ̸=ȳ,k̄

exp
(
− exp(−uxȳk̄ + uxyk − ε)

)
f(ϵ) dϵ

=

∫ ∞

−∞
exp

− exp(−uxȳk̄) exp(−ε)

1 +
∑

y,k ̸=ȳ,k̄

exp(uxyk)

 exp(− exp(−ε)) dε

=

∫ ∞

0

exp

−z

exp(−uxȳk̄)

1 +
∑

y,k ̸=ȳ,k̄

exp(uxyk)

+ 1

 dz

=
1

exp(−uxȳk̄)
(
1 +

∑
y,k ̸=ȳ,k̄ exp(uxyk)

)
+ 1

=
exp(uxȳk̄)

1 +
∑

y∈Y,k∈K exp(uxyk)

where f(ε) = exp(− exp(−ε)) is the Gumbel’s pdf, and the transition between rows four

and five is through change of variable z = exp(−ε). A similar reasoning applies to µx0 and

Dy
k.

Proof. Theorem 1 This proof is based on the same proof techniques as Gretsky et al. (1992)
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and Galichon and Salanié (2022).

Consider the individual worker i’s utility maximization, and the individual firm j profit

maximization. By a standard argument from Gretsky et al. (1992), solving these for all

workers and firms is equivalent to the following problem over the sum of worker welfare∑
i ui and firm welfare

∑
j vj:

inf
u,v

∑
i

ui +
∑
j

vj

s.t
∑
x

kx∑
i:xi=x

ui + vj ≥ Φyjk +
∑
x

kx∑
i:xi=x

ϵiyjk + ηjk ∀k, j

ui ≥ ϵi0

(11)

Take any two u, v such that
∑

x kxuxyk + vyk ≥ Φyk and ux0 = 0 and define{
ui = maxy,k{uxiyk + ϵiyk}
vj = maxk{vyjk + ηjk}

Then (u, v) satisfies (11)’s constraints.

Reciprocally, fix any ui, vj that satisfy the constraints in this problem and define

Let {
uxyk = mini,xi=x{ui − ϵiyk} and ux0 = 0

vyk = minj,yj=y{vj − ηjk}

Then the constraint in problem (11) becomes
∑

x kxuxyk + vyk ≥ Φyk.

Applying the law of large numbers, we get that (11) is equivalent to

min
u,v

∑
x

nxGx(ux) +
∑
y

myHy(vy)

s.t
∑
x

kxuxyk + vyk = Φyk ∀k, y

ux0 = 0

(12)
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Rewrite problem (12) as saddle-point:

min
u,v

max
µ

∑
x

nxGx(ux) +
∑
y

myHy(vy)

+
∑
y,k

µyk

(
Φyk −

∑
x

kxuxyk − vyk

)
+
∑
x

Sx
0 (−ux0)

=max
µ

∑
y,k

µykΦky

−
∑
x

nx max
u

{∑
y

kxµyk

nx

uxyk +
µx0

nx

ux0 −Gx(u)

}

−
∑
y

my max
v

{∑
y

µyk

my

vyk −Hy(v)

}
=max

µ

∑
y,k

µykΦky

−

(∑
x

∑
y,k

kxµyk log
kxµyk

nx

−
∑
x

Sx
0 log

Sx
0

nx

−
∑
y,k

µyk log
µyk

my

)

where the last line is obtained through solving for G and H’s convex conjugates:

G∗
x(µ) = max

u

{∑
y,k

kxµyk

nx

uxyk +
µx0

nx

ux0 −Gx(u)

}

H∗
y (µ) = max

v

{∑
y,k

µyk

my

vyk −Hy(v)

}
.

For which first order conditions are

kxµyk

nx

=
exp (uxyk)∑

y

∑
k exp (uxyk)

and
µyk

my

=
exp (vyk)∑
k exp (vyk)

Which ensures that µ is feasible, i.e. satisfies margin equations 8, otherwise the value of the

social planner problem is +∞.

Problem (7)’s objective function is strictly concave and the maximization set defined by

the margin equations (8) is compact. Therefore the maximum exists and is unique.

Proof. Proposition 2

Let Zx = maxy∈Y,k∈K {uxyk + εyk, ε0} and Zy = max k ∈ Kvyk + ηk. The proof consists in

showing that Zx and Zy follow Gumbel distributions with expectation 1+log
∑

y∈Y,k∈K exp(uxyk)
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and log
∑

k∈K exp(vyk) respectively, by expressing P [Zx ≤ c] and P [Zy ≤ c].

P [Zx ≤ c] = P
[

max
y∈Y,k∈K

{uxyk + εyk, ε0} ≤ c

]
= P [uxyk + εyk ≤ c ∀y, k and ε0 ≤ c]

=

( ∏
y∈Y,k∈K

P [uxyk + εyk ≤ c]

)
× P [ε0 ≤ c]

=

( ∏
y∈Y,k∈K

P [εyk ≤ c− uxyk]

)
× P [ε0 ≤ c]

= exp (− exp (−c))
∏

y∈Y,k∈K

exp (− exp (uxyk − c))

= exp

(
− exp(−c)−

∑
y∈Y,k∈K

exp (uxyk − c)

)

= exp

(
− exp(−c)

(
1 +

∑
y∈Y,k∈K

exp (uxyk)

))

= exp

(
− exp

(
−c+ log

(
1 +

∑
y∈Y,k∈K

exp(uxyk)

)))

where the transition between rows two and three rests on ε being iid distributed, and row

five rests on the extreme value 1 assumption. Hence up to the Euler-Mascheroni constant, Zx

follows a Gumbel distribution with expectation log
(
1 +

∑
y∈Y,k∈K exp(uxyk)

)
. The reasoning

for Zy follows the same steps.

B Data Appendix

I use Quadros de Pessoal, a matched employer-employee dataset provided by the Portuguese

National Institute (Instituto Nacional de Estat́ıstica, INE). Quadros de Pessoal is issued

yearly from 1991 to 201710, based on firms declarations on their characteristics and their

employees’. All firms are surveyed and completing the survey is mandatory. Both workers

and firms are identified across time by a unique identifier.

Worker’s type are their gender and education level. Worker education is provided as a 3

digits classification, out of which I aggregate 3 levels: tertiary education (vocational 2 year

degrees, bachelor, master and PhD), or secondary education (completed high school, some

higher education), and no degree (no schooling, or completed schooling below high school). I

10There is no data in 2001
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exclude from the sample any worker whose education level is unknown (3.9% of observations

per year on average). Gender is split into two categories, male and female, and used as is.

The data provides average monthly earnings, that account for bonuses and extra hours

earnings. Number of hours is provided as the baseline number of hours in the contract,

plus any extra hours worked (averaged overt the year). The sum of base and extra hours

is used as the measure for number of hours worked per month. I divide monthly earnings

by monthly hours to obtain a measure of hourly wage, and deflate it. I exclude from the

sample any worker who has earned zero wage over the year (11.1% of the sample). These are

mainly workers on sick leave, maternity leave, or sabbatical that do not contribute to firm

production in that year. Workers below the hourly minimum wage are also excluded (4.9%).

Observations with unknown education level, invalid or duplicated work ID are dropped

(1.1%, 1.2% and .4% of the sample respectively). Part-time workers are dropped (12.7%

of the sample), as well as self-employed (if the firm has only one employee), The rationale

behind not considering self-employed is that many of self-employed workers actually work as

consultants for a firm, with no way to link them. Self-employed workers amount for 2.4% of

the sample. I also exclude from the sample any workers who are strictly under 16 or above

68 (the retirement age in Portugal).

Unemployment rates by gender and education level are available in the World Bank’s

database. The data provides unemployment rates by advanced, intermediate and basic

education, which correspond to the previously defined levels. The numbers of unemployed

workers are computed from the unemployment rates and the number of employed workers

from each type.

C Estimation Appendix

C.1 Firm Classification

The kmeans ’ group assignment works in two steps; first choose a number of clusters (or

types) Y ; and second, assign each individual firm j to a Type y, based on their wage deciles

wj = [wj,10, . . . , wj,90]. The kmeans algorithm defines types y by defining group clusters

C1, . . . , CY that solve the following optimization problem:

min
C1,...,CY

Y∑
y=1

∑
j∈Cy

∥wj − ωy∥2

where ωy =
1

|Cy |
∑

j∈Cy
wj is group Cy’s centroid.

The kmeans optimization consists of finding the groups C1, . . . , CY and allocation of firms
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j to these groups such that the sum of the squared distances between each firm’s wage deciles

and the group’s centroid ωy is minimized. The algortihm outputs both a firm classification

into types y and the centroids ωy of each type. I test a different number of types Y in 2017

and use the elbow method to choose the best number Y = 7. I then use the types and their

centroids computed in 2017 to classify firms in previous years. In the years prior to 2017,

I assign a firm to a group Cy if its centroid is the closest, in Euclidian terms, to the firm’s

normalized wage deciles. Since the types are defined up to labelling, I rank them by firm

average wage to label them from 1 to 7 (Group 1 pays the lowest average wage, and Group

7 the highest). In the literature, firms belonging to groups with high average wage (Groups

6 and 7) are referred to as high type, and firms belonging to groups with low average wage

(Groups 1,2,3) are low type. The middle Groups 4 and 5 are referred as medium.

C.1.1 Matching Moments

Under the parametrization described in sub-section 3.2, Proposition 3 provides an expression

for the predicted matching µ as a function of U , V and ϕ:

µyk(ϕ, U, V ) = exp

(
1

1 +
∑

x kx

(∑
x∈Xk

ϕ1
xykx +

∑
x,x′∈Xk

ϕ2
xx′ykx log kx′

−
∑
x∈Xk

kxUx − Vy −
∑
x∈Xk

kx log kx

))
∀y ∈ Y, k ∈ K

µx0(U) = exp (−Ux) ∀x ∈ X

(13)

where X k are the set of types x ∈ X such that kx > 0. The parametrization suggests natural

matching patterns to match:∑
k∈K

kxµyk(ϕ, U, V ) ∀x ∈ X , y ∈ Y∑
k∈K
kx′>0

kx log kx′µyk(ϕ, U, V ) ∀x, x′ ∈ X , y ∈ Y (14)

Let µ̃ = (µ̃yk)y,k be the observed matching distribution; that is each µ̃yk records the

number of Type y firms employing workforce k in the data. Then, the observed counterparts
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to the matching moments (14) are simply∑
k∈K

kxµ̃yk ∀x ∈ X , y ∈ Y∑
k∈K
kx′>0

kx log kx′µ̃yk ∀x, x′ ∈ X , y ∈ Y

Similar to µ̃, let µ̃0 = (µ̃x0)x be the count of observed unemployed workers of Type x.

Additional predicted moments are given by the margin equations:∑
y∈Y,k∈K

kxµyk(ϕ, U, V ) + µx0(U) = nx and
∑
y∈Y

µyk(ϕ, U, V ) = my

for whose the observed counterparts are
∑

y∈Y,k∈K kxµ̃yk + µ̃x0 = ñx and
∑

y∈Y µ̃yk = m̃y

Under Assumption 1, fitting the predicted and observed matching moments to estimate

(ϕ, U, V ) is equivalent to running a Poisson regression that fits the functional form (13)

on the observed matching µ̃ and unemployed µ̃0, as stated by Theorem 2. It generalizes

Galichon and Salanié (2024)’s, who provide a proof in the one-to-one case. The Theorem

states that the moment-matching estimator described in subsection C.1.1 is the solution to

an optimization problem that amounts to the Poisson regression of 1. observed matching µ̃yk

on the surplus basis functions
(∑

y′ 1y′=ykx

)
x,y

and
(∑

y′ 1y′=ykx log kx′

)
x,x′,y

, (−kx)x and(
−
∑

y′ 1y′=y

)
y
, with offset

∑
x kx log kx and weight (1 +

∑
x kx) and 2. observed unemployed

µ̃x0 on fixed effects (−
∑

x′ 1x′=y)x with offset 0 and weight 1.

Theorem 2. Under Assumption 1, the moment-matching estimator
(
ϕ̂, Û , V̂

)
is the solution

to

max
ϕ,U,V

∑
y∈Y,k∈K

µ̃yk

(∑
x∈Xk

ϕ1
xykx +

∑
x,x′∈Xk

ϕ2
xx′ykx log kx′ −

∑
x∈Xk

kxUx − Vy −
∑
x∈Xk

kx log kx

)
+
∑
x∈X

µ̃x0(−Ux)

−
∑

y∈Y,k∈K

(1 +
∑
x∈X

kx)µyk(ϕ, U, V )−
∑
x∈X

µx0(U)

where µ̃ is the observed matching and µyk(ϕ, U, V ) is defined as in (13).
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Proof. The equalities between the matching moments to their data counterparts:∑
k∈K

kxµyk(ϕ, U, V ) =
∑
k∈K

kxµ̃yk ∀x ∈ X , y ∈ Y∑
k∈K

kx log kx′µyk(ϕ, U, V ) =
∑
k∈K

kx log kx′µ̃yk ∀x, x′ ∈ X , y ∈ Y∑
y∈Y,k∈K

kxµyk(ϕ, U, V ) + µx0(U) =
∑

y∈Y,k∈K

kxµ̃yk + µ̃x0 ∀x ∈ X∑
k∈K

µyk(ϕ, U, V ) =
∑
k∈K

kxµ̃yk ∀y ∈ Y

are the First Order Conditions of the optimization problem in Theorem 2.

Running the Poisson regression provides estimates
(
ϕ̂, Û , V̂

)
. Let µ̂yk = µyk(ϕ̂, Û , V̂ )

and µ̂x0 = µx0(Û) be the predicted matching and unemployed distributions. The variance-

covariance matrix is

V ϕ,U,V = A−1BA−1

where A = Z⊤Wdiag (µ(Φ, U, V ))WZ, B = Z⊤Wdiag(µ̃−µ̃µ̃⊤)WZ, W is a diagonal matrix

with entries equal to the number of individual in the match between firm y and workforce

k: 1 +
∑

x∈X kx and Z is the matrix of regressors from (13).

C.1.2 Wage Moments

Under the model’s parametrization, Proposition 3 also provides a functional form for wage

w:

wxyk(α) = Ûx − α1
xy −

∑
x∈Xk

α2
xx′y log kx + log kx + log µ̂yk

where
(
ϕ̂, Û , V̂

)
were estimated in the first step. Define the following wage moments for

estimating α: ∑
k∈K

kxµ̂ykwxyk(α) ∀x ∈ X , y ∈ Y∑
k∈K
kx′>0

kx log kx′µ̂ykwxyk(α) ∀x, x′ ∈ X , y ∈ Y (15)

The data provide observed wage w̃ijk(j), where i is a worker of Type x, and j a firm of Type

y employing workforce k(j). The observed counterpart to the first wage moment is simply

the sum of all wages of Type x workers employed in Type y firms, and the counterpart to

the second moment is the sum of all wages of Type x workers employed in Type y firms,
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weighted by the log of the number of workers of Type x′ in the workforce:∑
i:xi=x
j:yj=y

k(j)xw̃ijk(j) ∀x ∈ X , y ∈ Y

∑
i:xi=x
j:yj=y

k(j)x log k(j)x′w̃ijk(j) ∀x, x′ ∈ X , y ∈ Y

Predicted wages are fitted to their observed counterpart using the two-steps GMMmethod.

Fitting the wage moments yields estimated parameters α̂. Their variance-covariance matrix

is

V α = H−1G⊤
αΩMΩGαH

−1

and the covariance with (ϕ, U, V ) is

V α,ϕ,U,V = − n

N
V ϕ,U,VG⊤

Φ,U,VΩGαH
−1

where n is the number of wage observations, N is the number of matching observations,

H = G⊤
αΩGα,Gα is the Jacobian of the wage moments with respect to α, GΦ,U,V is the

Jacobian of the wage moments with respect to (ϕ, U, V ), and Ω is the weight matrix used in

the second step of the GMM estimation, that is

Ω−1 = Ṽ +
n

N
Gϕ,U,V V

ϕ,U,VG⊤
ϕ,U,V

where Ṽ is the variance covariance matrix of the wage moments at the intermediate estimates

for α obtaine din the GMM’s first step.

C.1.3 Workforce Grid Dimension Reduction

The space of workforce grids K is the Cartesian product of the sets {0, . . . , ñx} for all x ∈ X ,

where ñx is the observed number of workers of Type x in the data. In practice, this is

a very high-dimensional object, which makes computing the predicted matching and wage

moments (14) and (15) computationally challenging. To alleviate computer memory issues

and speed up estimation, I instead use a subset Kc of the entire workforce grid. To build

subset Kc, I leverage observation of the grid K̃ from the data, which is simply the set of all

workforces k that are observed in the matched employer-employee dataset over all available

years, from 1991 to 2017. In total there are 584,953 different workforce combinations that

form over this period. This is already a subset of K, as not all workforce combinations are

realized. However, using K̃ would present two problems; first, it is still too large a grid for
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an estimation in reasonable time; and second, it would result in few zero observations for

matching µ̃, given that it was selected to be observed workforce combinations. Selecting on

non-zero observations in a Poisson regression is known to bias the estimates (Grogger and

Carson (1991)). Instead, I draw a sample Kc of size 50,000 from K̃ and run a hierarchical

clustering algorithm (Murtagh and Contreras (2011)) to assign all grid points in K̃ to grid

points in Kc. Doing so obtains observed matching µ̃yk on the reduced grid Kc, which I then

use in the Poisson regression in the first estimation step. In the second estimation step, the

predicted wage moments (15) are computed on the reduced grid Kc as well.

I check whether using Kc is not too restrictive by comparing the between worker type,

firm type and workforce variance of wages over the full grid K̃ and the reduced grid Kc.

Wage sample variance can be decomposed as follows:

VK̃ [w̃] =
1

Ñ − 1

∑
k∈K̃,y∈Y

∑
x∈Xk

kxµ̃yk

(
w̃xyk − w̃

)2
︸ ︷︷ ︸

between

+
1

Ñ − 1

∑
k∈K̃,y∈Y

kxµ̃yk

∑
x∈Xk

σ2
xyk︸ ︷︷ ︸

within

where w̃ is the average wage over the entire sample, and w̃xyk and σ2
xyk are the sample average

and variance of wages of Type x workers employed in Type y firms within workforce k. Ñ

is the total number of wage observations in the sample. The between variance captures the

variation in wages across worker types, firm types and workforces, while the within variance

captures the variation in wages within each group. The model predicts a distribution of

wages (wxyk)x,y,k that can rationalize the between variance observed in the data, while the

within variance is treated as a residual. A criterion for whether the approximation of K
with Kc is a good one is whether it captures the original between variance over K̃ correctly,

i.e. whether the between variance computed over Kc is close to the one computed over K̃.

I compute both in 1992 and 2017. In 1992, the between variance over K̃ explains 56.7% of

the total variance, while the between variance over Kc explains 56.1%. In 2017, these shares

are 58.6% and 57.6%, respectively. I conclude that I do not lose much variation in wages by

using the reduced workforce grid Kc.
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D Results Appendix

D.1 Estimated Parameters

D.1.1 Own Parameters

Figure 6 is the analogue to Figure 8 for amenities, i.e. it plots the average own contribution to

amenities by education level. There are four observations to be made from this figure. First,

perceived first-order amenities are significantly negative for all education levels across firm

types. These are to be compared to worker’s outside option, which is to remain unemployed,

meaning there is a significant disutility to work. All other things equal, this results in higher

wages. Second, perceived amenities are worse in high-type than low-type firms. Third, first-

order perceived amenities decrease between 1991 and 2017 for university graduates, while

they increase for high school graduates and workers with no degree. All other things equal

this pressures the education wage premia upwards over time. Finally, second-order perceived

amenities are very low for university graduates in high-type firms in 1991. Because they are

most productive in these firms (as shown in Figure 8), this puts an upward pressure on their

wage compared to other education levels in 1991.
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Figure 6: Own Contributions to Amenities - Education

Source: Quadros de Pessoal. Author’s own calculations from estimated parameters. Weighted averages by

education are computed over both gender, e.g. for a given firm cluster y and education level NoHS: α1
NoHS,y =

mF-NoHSα
1
F-NoHS,y+mM-NoHSα

1
M-NoHS,y

mF-NoHS+mM-NoHS
and α2

NoHS,textNoHS,y =
mF-NoHSα

1
F-NoHS,textNoHS,y+mM-NoHSα

1
M-NoHS,M-NoHS,y

mF-NoHS+mM-NoHS
.

Euros per hours. Confidence intervals are provided at the 95% level.

Figure 7 is the analogue to Figure 7 with averages of own contribution to productivity

being taken over gender instead of education. The first-order contributions of both men

and women are increasing in firm type in both 1991 and 2017. In 1991, men’s first-order

contributions are higher than women’s in all firm types. In 2017 it is still the case but the gap

is much smaller. This at least partly reflects a composition effect over education levels which

evolves over time as women’s education progresses. The most important difference between

men and women is in the second-order own contributions: women tend to be strong substitute
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with each other in high type firms, both in 1991 and 2017. A number of explanations can

be put forward for this: it could be due to gender selection into occupations, which due

to a limited number of female-oriented occupations limit the number of women employed i

high-type firms, or it could be discrimination on the firm side if it does not want to hire to

many women.

Figure 7: Own Contributions to Productivity - Gender

Source: Quadros de Pessoal. Author’s own calculations from estimated parameters. Weighted averages

by gender are computed over all education levels, e.g. for a given firm cluster y and gender F: γ1
F,y =

mF-NoHSγ
1
F-NoHS,y+mF-HSGγ1

F-HSG,y+mF-UGγ1
F-UG,y

mF-NoHS+mF-HSG+mF-UG
. Euros per hours. Confidence intervals are provided at the 95%

level.

Figure 8 presents average own contributions to amenities by gender. The first-order con-

tributions are negative for both genders, more so for men than women, and for high-type
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firms than low-type firms. They all increase between 1991 and 2017, which puts a downward

pressure on both men and women’s wages. The second-order contributions are overall posi-

tive for women, which decreases their wages in firms where they are well-represented. They

are bell-shaped over firm types for men, who all other things equal will therefore be paid

more in type 7 firms (where they are also most productive), than other firm types.

Figure 8: Own Contributions to Amenities - Gender

Source: Quadros de Pessoal. Author’s own calculations from estimated parameters. Weighted averages

by gender are computed over all education levels, e.g. for a given firm cluster y and gender F: α1
F,y =

mF-NoHSα
1
F-NoHS,y+mF-HSGα1

F-HSG,y+mF-UGα1
F-UG,y

mF-NoHS+mF-HSG+mF-UG
. Euros per hours. Confidence intervals are provided at the

95% level.

D.1.2 Cross Parameters

Figures 9 and 10 plot the estimated second degree parameters of amenities and productivity,

respectively. To reduce the number of parameters to plot, these are averaged out over a given
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education and gender pair. The left panel shows these averages in 1991, the right panel in

2017. There are three education pairs: Female-Female (first row), Male-Male (second row)

and Female-Male (third row). Each bar color represents one of the six education pair:

NoHS-NoHS, NoHS-HSG, NoHS-UG, HSG-HSG, HSG-UG, UG-UG. In Figure 9, the second

degree parameters of amenities are overall more dispersed in 1991 than in 2017, especially

among male and university graduates pairs in high firm types. Male university graduates

in particular strongly dislike working with each other in firm types 5 to 7, while women

university graduates prefer it. In 2017, the tastes are reversed: male university graduates

are happy to work together while female university graduates are not. Male-Female pairs

are much closer to zero both in 1991 and 2017, signalling the two genders are indifferent to

working with one another regardless of their education level.
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Figure 9: Cross-Contributions to Amenities

Source: Quadros de Pessoal. Author’s own calculations from estimated parameters.

Weighted averages by gender and education pairs are computed as follows: for a given

firm cluster y, gender pair F-M and education pair NoHS-HSG: α2
F-M,NoHS-HSG,y =

mF-NoHS×mM-HSG(α2
F-NoHS,M-HSG,y+α2

M-HSG,F-NoHS,y)+mF-HSG×mM-NoHS(α2
F-HSG,M-NoHS,y+α2

M-NoHS,F-HSG,y)
2mF-NoHS×mM-HSG+2mF-HSG×mM-NoHS

, where

m are the masses of each type. Confidence intervals are provided at the 95% level.

In Figure 10, the more dispersed second degree parameters of productivity in 1991 are

again male and female university graduates pair: men university graduates working together

have a strong positive contribution to high type firms’ productivity, while female university

graduates have a negative contribution. The effects wear off in 2017, when interdependency

patterns in productivity are much smaller for most gender and education pairs. The only ex-

ception are women with no degree or a high school degree in high firm types which contribute

negatively to productivity.
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Figure 10: Cross-Contributions to Productivity

Source: Quadros de Pessoal. Author’s own calculations from estimated parame-

ters.Weighted averages by gender and education pairs are computed as follows: for a

given firm cluster y, gender pair F-M and education pair NoHS-HSG: γ2
F-M,NoHS-HSG,y =

mF-NoHS×mM-HSG(γ2
F-NoHS,M-HSG,y+γ2

M-HSG,F-NoHS,y)+mF-HSG×mM-NoHS(γ2
F-HSG,M-NoHS,y+γ2

M-NoHS,F-HSG,y)
2mF-NoHS×mM-HSG+2mF-HSG×mM-NoHS

, where m

are the masses of each type. Confidence intervals are provided at the 95% level.

D.2 Counterfactuals

D.2.1 Averaged out workers’ preferences

The fourth counterfactual demonstrates the importance of estimated workers’ non-wage pref-

erences (or perceived amenities) on sorting and the education wage premium. It sets all

preference parameters α1 and α2 to their average estimated value over firm types. Workers

50



of different education levels and gender still perceive different amenity levels, but these are

now the same across firm types. These levels vary over time as estimated. Subsection 4.3

establishes that all worker types dislike being employed in high-type firms more than low-

type firms. In 1991, this is especially true of men and workers who have no degree. In 2017

the gaps are less pronounced. There are two competing channels whereby workers’ non-wage

preferences can affect the education wage premia. First, workers’ strong dislike for high-type

firms versus low and medium type firms should reduce sorting into high-type firms. The fact

that these firms are most productive for educated workers, especially in 1991, reduces the ed-

ucation wage premia. Second, for the workers who are sorted into high-type firms, their low

perceived amenities drives their wages up. Since educated workers in 2017 have a stronger

distaste for high-type firms than less-educated workers, this should drive the education wage

premia up. Table 11 shows the predicted and counterfactual sorting into high-type firms.

Averaging out workers’ preferences erases their strong relative dislike for high-type firms. As

a result, educated workers sort much more into high-type firms in the counterfactual than

in the predicted baseline: in 1991, 98.6% of the university graduates and 65.5% of the high

school graduates were employed in high-type firms, which are also the most productive for

educated workers. In 2017, the relative productivity of low-type firm rose, which is why the

sorting in high-type firms is less pronounced, but still quite high (70.0% instead of 36.6% for

university graduates, and 77.2% instead of 17.1% for high school graduates).

Table 11: Averaged worker preferences - sorting

% UG in high firm types % HSG in high firm types

1991 2017 1991 2017

Predicted 48.2 36.6 37.6 17.1

Counterfactual 98.6 70.0 65.5 77.2

Source: Quadros de Pessoal. Author’s calculations from model estimates. High types: Types 6-7. UG:

university graduates. HSG: high school graduates. Shares are computed among all employed workers of a

given education level.

From Table 12, both university and high school wage premia are reduced by equalizing

workers’ preferences across firms in 1991. The reason is that less-educated workers originally

have a strong aversion to high-type firms; once preferences are equalized, their relative dislike

shifts toward other firm types, raising their wages and compressing the gaps. In 2017, the

counterfactual high school wage premium is close to the predicted baseline, but the university

wage premium is much lower (.14 instead of .79). This confirms that the university graduates’

strong dislike for high-type firms in 2017 weakens their sorting in these firms (as shown in

Table 11), but also places upwards pressure on their wages.
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Table 12: Averaged worker preferences - wage gaps

UG-NoHS wage gap HSG-NoHS wage gap

1991 2017 ∆ 1991 2017 ∆

Predicted 1.1 .79 -.33 .28 .26 -.02

Counterfactual .69 .14 -.55 -.44 .29 .72

Source: Quadros de Pessoal. Author’s calculations from model estimates. UG: university graduates. HSG:

high school graduates. NoHS: less-educated workers. Wage gaps are computed as the difference of the log of

the average wage of a given education level and the log of the average wage of less-educated workers (without

a high school degree, NoHS). The average wage is computed over all employed workers of a given education

level.
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